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Abstract 

We give a stratification of the GIT quotient of the Grassmannian Cr2,n modulo the 
normaliser of a maximal torus of SL n {k) with respect to the ample generator of the 
Picard group of Cr2 jn . We also prove that the flag variety GL n (k)/B n can be obtained as 
a GIT quotient of GL n+ \{k) / B n+ \ modulo a maximal torus of SL n+ i(k) for a suitable 
choice of an ample line bundle on GL n+ \{k) / B n+ \. 
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Introduction 

Let k be an algebraically closed field. Consider the action of a maximal torus T of 
SL n (k) on the Grassmannian G r ^ n of r- dimensional vector subspaces of an n- dimensional 
vector space over k. Let N denote the normaliser of T in SL n (k). Let C r denote the ample 
generator of the Picard group of G> jn . Let W = N/T denote the Weyl group of SL n {k) with 
respect to T. 

In [5], it is shown that the semi-stable points of G> jn with respect to the T-linearised line 
bundle C r is same as the stable points if and only if r and n are co-prime. 
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In this paper, we describe all the semi-stable points of G> jn with respect to C r . In this 
connection, we prove the following result: 

First, we introduce some notation needed for the statement of the theorem. 

Let \)j be a Cartan subalgebra of slj+i, P(f)j) be the projective space and Rj C ()* be the 
root system. Let Vj be the open subset of P(f)j) defined by 

Vj := {x G P(fjj) : a(x) ^ 0,Va G i?,}. 

Here, the Weyl group of slj+i is Sj+i, and f)j is the standard representation of Sj + \. 

With this notation, taking m = \ rk Y^\ (f° r this notation, see lemma 1.6) and t = [^if-] 
we have 

Theorem: Ar \\G , ^ n (£ 2 ) has a stratification \Jl =0 Ci where C = s m+1 \P(f)m), and = 

Si+m+l\^+m- 

On the other hand, the GIT quotient of GL n+1 (k)/B n+1 modulo a maximal torus of 
SL n+ i(k) for any ample line bundle on GL n+1 {k)/ B n+ i and GL n (k)/B n are both birational 
varieties. So, it is a natural question to ask whether the flag variety GL n (k)/B n can be 
obtained as a GIT quotient of GL n+1 (k)/B n+1 modulo a maximal torus of SL n+1 (k) for a 
suitable choice of an ample line bundle on GL n+1 (k)/B n+1 . We give an affirmative answer 
to this question. For a more precise statement, see theorem 5.2. In this connection, we 
also prove that the action of the Weyl group S n+ i on the quotient is given by the standard 
representation. For a more precise statement, see corollary 5.4. 

Section 1 consists of preliminary notation and some combinatorial lemmas about minus- 
cule weights. 

In section 2, we describe all Schubert cells in G r>n admitting semi-stable points. 
In section 3, we describe the action of the Weyl group W on T \\G^ n (C r ). 
In section 4, we describe a stratification of N \\G s 2 s in (£2) ■ 

In section 5, we obtain GL n (k)/B n as a GIT quotient of GL n+1 {k)/ B n+1 modulo a 
maximal torus of SL n+ i{k) for a suitable line bundle on GL n+1 {k) / B n+1 . 

1 Preliminary notation and some combinatorial Lem- 
mas 

This section consists of preliminary notation and some combinatorial lemmas about minus- 
cule weights. Let G be a reductive Chevalley group over an algebraically closed field k. 
Let T be a maximal torus of the commutator subgroup [G,G], B a Borel subgroup of G 
containing T and U be the unipotent radical of B. Let N be the normaliser of T in [G, G}. 
Let W = N/T be Weyl group of [G, G] with respect to T and R denote the set of roots 
with respect to T, R + positive roots with respect to B. Let U a denote the one dimentional 
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T-stable subgroup of G corresponding to the root a and let S = {cui, ■ • • a{\ G R + denote the 
set of simple roots. For a subset I Q S denote W 1 = {w E VF|iu(q;) > 0, a G /}. Let X(T) 
(resp. ^(T 1 )) denote the set of characters of T (resp. one parameter subgroups of T). Let 
E 1 := X(T)®R, E 2 = Y(T)®R. Let (., .) : E 1 x E 2 — ► R be the cano nical n on-degenerate 
bilinear form. Choose A/s in E 2 such that (a*, Xj) = for all %. Let C(S) := IR> - span 
of the Aj's . Let a E Y(T) be as in page-19 of [1]. We also have s a (x) = X ~ (x,®) a f° r 
all a E R and x £ -Ei- Set Sj = s Qj V i = 1, 2 • • • I. Let {u;^ : i = 1, 2 • • • 1} C i?i be the 
fundamental weights; i.e. (o>j, dj) = 5^ for alH, j = 1, 2 • • • I. 

We now prove some elementary lemmas about minuscule weights. For notation, we refer 
to [7]. 

Lemma 1.1. Let / be any nonempty subset of S , and let fi be a weight of the form^2, aeI miOii— 
J2 ai miai > w here m, 6 Q for all i, 1 < i < I; mi > for all oti G / and TOj > /or a// 
a, G 5 \ /. T/ien t/iere is an a E I such that s a (/i) < //. 

Proof. Since s a (/i) = (J> — ((J>, a)a, we need to find an a G / such that (//, d) > 0. This follows 
because the Cartan matrix ((a*, ctj))i,j is positive definite, so we can find an a G / such that 
(Sere/ m^CKi, d) > 0. Now we know that for any ctj, «j E S, i j, (oti, dj rangle < 0. Hence, 
(Sai^/ 771 ^*' ^) — f° r this « G /. Thus (yU, a) > 0. This proves the lemma. □ 

Lemma 1.2. Let X be any dominant weight and let I = {a E S : (A, a) = 0}. Let 

Wi,w 2 E W 1 be such that u>i(A) = w 2 (X). Then w\ = w 2 . 

Proof. See [1] and [2]. □ 

In the rest of this section, u will denote a minuscule weight and I := {a E S : (cu, a) = 0} 

Lemma 1.3. Let a E S and r E W such that l(s a r) = Z(r) + 1 and s a r E W 1 , then r G W 1 ; 
s a r(uj) = t(u) - a. 

Proof. The proof of the first part of the lemma is clear. Now s a r(uj) = t(lu) — (r(uj),a)a. 
Since the pairing (., .) is PF-invariant, (r(u),a) = {uj,t^ 1 o). Again since l(s a r) = l(r) + 1, 
we have T~ l a > 0. Let r~ l a = Xl!=i m ^j) m « e ^>o- Now, if (u,r~ l a) = 0, then 
irti > =>■ (uj, r _1 ttj) = for 1 < % < I. This gives a contradiction, since s a r E W 1 and 
s a r(r _1 a) = s a (a) < 0. Thus, (u),t~ 1 oi) = 1. Hence the lemma is proved. □ 

Corollary 1.4. 1. For any w E W 1 , the number of times that s i; 1 < i < n — 1 appears in 
a reduced expression of w = (coefficient of oti in uo) — (coefficient of on in w(iv)) and hence 
it is independent of the reduced expression of w. 

2. Let w E W 1 and let w = s^.s^ . . . s ik E W 1 be a reduced expression. Then w(cu) = 
cu — Y^j=i a ij- an d K w ) = ht(u — w(u)). 

Proof. Follows from Lemma 1.3. □ 
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Lemma 1.5. Let w = s^s^ . . . s ik G W such that ht(uj — s^s^ . . . s ik (uj)) = k then w G W 1 
and l(w) = k. 

Proof. This follows from the corollary 1.4. □ 

Lemma 1.6. Let uj = Y^i=i m i a i> m i £ Q>o be a minuscule weight. Let I = {a G S : 
(to, a) = 0}. Then, there exist a unique w G W 1 such that w(uj) = X]!=i( m « — I" 771 *!) 01 * where 
for any real number x, 

r .. J x if x is an integer 

\[x] + 1 otherwise 

Proof. Using lemma 1.1 and the fact that uj is minuscule we can find a sequence Sj fc , Sj fc _ 1 , • • • 
, Sjj of simple reflections in W such that for each j, 2 < j < k + 1, coefficient of in 

Si J _ 1 .Sj j _ 2 . . . s h (uj r ) is positive and (s^.s^ . . . s h (uj r )) = uj r - Y^=i a h for eacn h 1 < J < 
k. The existence part of the lemma follows from here. The uniqueness follows from lemma 
1.2. □ 

Lemma 1.7. Lei uj = Y^ l i=i m i a i> m i £ Q>o ^ e a minuscule weight. Let I = {a G S : 
(a;, a) = 0}. 27ien ; t/iere exzsi a unique r G suc/i £/ia£ t(uj) = X^=i( m « ~ l m i]) a i- 

Proof. Proof is similar to that of lemma 1.6. □ 

Now onwards, we say that for two elements w and r in W, w < r if 1{t) = l(w) + l(rw~ 1 ). 
Lemma 1.8. Let uj and I be as in the lemma 1.6 and r,a G W 1 . Then t(uj) < a(uj) 4=> a < 

T. 

Proof. The proof is by induction on ht(a(uj) — t(uj)) which is a non- negative integer. 
ht(w(auj) — t(uj)) = 1: This means g(uj) = t(uj) + a for some a G S. Applying s a on both 
the sides of this equation, we have, 

s a a(uj) = -a + Sar(u) 

=>- t(uj) — (uj, a~ l a)a = —2a + t{uj) — (uj, r _1 a)a 
=>- (uj, o" _1 q;) = 2 + (uj, r _1 a:) 

Since is minuscule, we get (uj, a _1 a) = 1 and (uj^^q) = —1. This implies, by the 
lemma 1.5, that l(s a a) = l(w) + 1 and s a w G W 1 . Now, we have s a a(uj) = t(uj). Hence, by 
lemma 1.2, we get r = s Q <r with l(r) = 1(a) + 1. Thus the result follows in this case. 
Let us assume that the result is true for ht(a(uj) — t(uj)) < m — 1. 

ht(o(uj) — t(uj)) = m: Let ct(uj) — t(uj) = J2 a . e jTni®i where J C S and m^'s are positive 
integers. Since (X^ej 777 -* ^ ^ Qi eJ m «"») — there exist an a.,- G J such that (cr(u;) — 
r(uj),dj) > 0. Hence either (a(uj),dj) > or (r(uj),dj) < 0. 

Case I : Let us assume (a(uj),dj) > . Then l(s aj a) = 1(a) + 1 and s aj a G W 1 . Now 
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ht(s a .cr(u) — t{uj)) = m — 1. Hence, by induction r = 4>iS a .a with Z(t) = l((f>i) + l(s a .a). 
Thus taking <fi = <p\.s aj we are done in this case. 

Case II : Let us assume (r(u),dj) < 0. Then l(s a .r) = l{r) — 1 and s a .r G W 1 . Since 
<j(w) — s aj T{uj) = m — 1 by induction s q .t = 2 a with l(s aj r) = l{4>2) + Z(<r). Thus taking 
= Sa 3 02 we are done in this case also. This completes the proof. □ 

Corollary 1.9. Let u, w and I be as in lemma 1.6. Let a G W 1 be such that a{nuj) < for 
some positive integer. Then, we have w < a. 

Proof. The proof follows from lemma 1.6, 1.8 and the fact that u is minuscule. □ 

Corollary 1.10. Let uj, w and I be as in lemma 1.6. Let a G W 1 be such that a(nuj) > 
for some positive integer. Then, we have a < w 

Proof. The proof follows from lemma 1.7, 1.8 and the fact that u is minuscule. □ 



2 Description of Schubert varieties in the Grassman- 
nian having semi-stable points 

In this section, we have the following notation. Let G = GL n (k) with characteristic of k 
is either zero or bigger than n. Let r G {2, • • -n — 2}. Consider the action of a maximal 
torus T of SL n {k) on the Grassmannian G> jn . Let B be a Borel subgroup of G containing 
T. Let S = {«!,••• a n _i} be the set of simple roots with respect to B arranged in the 
ordering of the vertices in the Dynkin diagram of type A n _ x . Let I r — S \ {a r }. We first 
note that G r , n is the homogeneous space GL n (k)/P r where P r = BWi r B is the maximal 
parabolic subgroup of GL n {k) containing B associated to the simple root a r . Let u r be 
the fundamental weight associated to the simple root a r and let C r denote the line bundle 
on GL n (k)/P r corresponding to oo r . We describe all Schubert cells in GL n (k)/P r admitting 
semi-stable points for the above mentioned action of T with respect to the line bundle C r . 

Some of the elementary facts about the combinatorics of W Ir that is being used in this 
section can be found in [7]. For the convenience of the reader, we prove them here. 

Lemma 2.1. Let w G W T ,w ^ id. Then there exists an i & N, i < r and a sequence of 
positive integers {aj}, j = 1,2, ... , r such that the following holds. 

(a) aj > j for all j , i<j<r 

(b) W = (s a ..S ._i...S i )(s . +1 .S . +1 _i...S i+ i)...(s ar .S ar -l---Sr) With I (w) = Ej=i(«j-J + 1 ) 

Proof. Let i be the least positive integer such that s ai < w. The rest of the proof follows 
from braid relations in W. □ 

Lemma 2.2. Letw,T G W 1 . Write w = (s ai .s a ^i . . . Si)(s ai+1 .s ai+1 -i . . . s m ) . . . (s^-V-i ■ ■ ■ s r ) 
and t = (s hk .s bk ^i . . . s k )(s hk+1 .s bk+1 ^i . . . s k+1 ) . . . (s 6r .s 6r „i . . . s r ) be as in the lemma 2.1. 
Then w < t <^ k < i and bj > aj for all j , i < j < r. 
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Proof. The proof follows from lemma 1.8 and the fact that w(cu r ) > r(u r ) k < i and 
bj > dj for all j, i < j < r. □ 

Now, write n = qr + t with 1 < t < r and let r r G W Ir be the unique element as in lemma 
1.6 for the case when uj = uj r . Then, r r must be of the form r r = (s ai ■ ■ ■ s±) ■ ■ ■ (s ar • • • s r ) 
where 

i(q + 1) if i<t- 1. 
iq + (t-l) if t<i<r 

Let T n ~ r G W In ~ r be the unique element as in lemma 1.7 for the case u = u r . Then, we 
have T r = T n - r wk and Z(w£ r ) = Z(r r ) + /(r"- r ). 

Let w G W^ 7 be such that w(nu r ) < 0. 

Then, we have 

Lemma 2.3. r r < w and wt^ 1 < (r™~ r )~ 1 . 

Proof. Proof follows from corollary 1.8 and corollary 1.9. □ 

For any such w, we describe the set 

Lemma 2.4. ^(w" 1 ) consists of roots of the form aj + otj+\ H — • + a ai for 1 < i < r where 
j 7^ a k + 1 /o r any k < i. 

Proof. We have w^ 1 = (s r . . . s ar ) . . . (s 2 • • • Sa 2 )-( s i • • • -v), which is a reduced expression. 
Thus the elements of i? + (-u7 -1 ) are 

— ( s ai • • • s l)-( s a 2 • • • s 2) ■ ■ ■ ( s a t ■ ■ ■ S j+l-^j- S j~l ■ ■ ■ ^i)( a j) 

where i < j < 1 < i < r, ' denotes omission of the symbols. We have, 
(s az . . . s j+1 .Sj.sf-i . . . Si)(aj) = aj + a j+1 + ■ ■ ■ + a ai 
Since, a\ < a 2 < • • • < a r , each (3 it j is of the form 

a, + aij+i H ha a; . 

Now j 7^ afc + 1 for any k < i follows from the fact that l(w) is the same as the cardinality 
oiR + (w- r ). □ 

Remark 2.5. From the lemma it follows that the elements of -R + (u> -1 ) can be written in an 
array as follows: 





Pl,2 ■ 


' ' Pl,ai 












(32,1 


(32,2 ■ 


■ ■ 02,0,! 


#2,ai+l 




#2,02-1 






(33,1 


(33,2 ■ 


' ' /^3,oi 


/^3,oi+l 


/^3,ai+2 " " ' 


#3,a 2 -l 


$3,0,2 ' 


• • /^3,a 3 -2 


(3r,l 


Pr,2 ■ 


Pr,ai 


Pr,ai+1 


A*,ai+2 ' ' ' 


(3r,a,2 — l 


A*,a 2 


(3r,a,3—2 ' ' ' (3r,a r —r+l 
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where the array has r rows, and the length of the i-th row is — (i — 1). Note that (5 lm = 
a ai , and for 2 < i < r, /3 i>ai - i+1 = a ai , only if a { > a;_i + 2. In this case, for all j, 
i < j < r, /3,-,o i _ 1 -i+2 = A-i,oi_i-i+2 + + a ai _i+2 + • • • + a> aj and fy^^-i^ = 

a ai _!+2 + a ai _ 1+3 + •■■ + a aj . If a* = a,_i + 1, £/ien a, - i + 1 = a,_i - (i - 1) + 1, 
therefore, the (i — l)-th and i-th rows have same length. In this case for all j , i < j < r, 

Pj,ai-i+l — A-l,Oj-i+l + a a { -i+l + a ai-!+2 + ' ' ' + CX aj . 

For any w G W 1 , let X(w) := BwP r /P r denote the Schubert variety in GL n (k)/P r . 

We recall BwP r /P r = U w wP r , where U w is the product rLeR+Cwj- 1 ) U<* °^ ^ ne ro °^ g rou P s 
U a , and we describe below the ordering of roots in which the product is taken. 

Consider the open set 

/ 3 i3 e J R+(io- 1 ) 

of X(u>) in GL n /P r where the order in which the product is taken is as follows: Put a 
partial order on R + (w~ 1 ) by declaring (3^ < (3 k i if either % — k and j > I or if % < k. Now 
we take the product so that whenever < /3m, up i .{xp i .) appears on the right hand side 
of up kl (xp kl ). Note that u^^x^^s commute with each other, since Aiju A2J2 ^ R + {w~ 1 ) 
implies +A2J2 i s 110 1 a root. This follows from the fact that no element of R + (w~ 1 ) starts 
or ends with a ak+ i, for any k, 1 < k < r — 1 (i.e. for all faj G R + (w~ 1 ) and 1 < k < r — 1, 
- «a fc +i 7^ is not a root.) 

Now the natural action of the maximal torus T on GL n (k)/P r , induces an action of T 
on V . 

Lemma 2.6. Consider the torus T' = YlpeR+iw- 1 ) Gm,P where G m ,/3 = G m for each (3 G 
R + {w~ 1 ). We have a natural action of T on T' through the homomorphism of algebraic 
groups $ : T -> T' defined by = (/3(t))/9 for all t G T. The map V -> T' de/med 6y 
Q ^(a^tu.P I— > is a T-equivariant isomorphism of varieties. 

Proof. Proof is easy. □ 

We now describe all the Schubert varieties admitting semi-stable points. 
Let n = qr + t, with 1 < t < r and let w G W Ir . 

Lemma 2.7. Then the following are equivalent: 

(1) X(w)^(L r ) is non-empty. 

(2) r r <w and wr" 1 < (r n ' r )- 1 . 

(3) w = (s ai • • ■ si) • • ■ (s ar • ■ ■ s r ), where {aj : i — 1,2 •••r} is an increasing sequence of 
positive integers such that a,i > i(q + 1) V i < t — 1 and a,i — iq + (t + 1) V t <i <r. 

Proof. By Hilbert-Mumford criterion (theorem 2.1 of [3]) a point x G G/P r is semi-stable 
if and only if fi L (ax,\) < for all A G C(-B) and for all a G W '. By the lemma 2.1 of 



7 



[6], this statement is equivalent to (— w a {u), A) > for all A G C(B) and for all a G W, 
where w a G W Ir is such that era; G U w<J w a P r . Thus, by corollary 1.8 applied to the situation 
uj = u r , a point x is semi-stable if and only if x is not in the W- translates of U T rP r with 
r G VT /r and r r ^ r. 

Now, for a w G W^ 7r , X{w) is not contained in the finite union \^} T ^ Tr U T rP r if and only if 
r r < w. The second condition wr" 1 < {r n ~ r )~ 1 is an immediate consequence when w > r r . 
This completes the proof. □ 

Proposition 2.8. Let X it j denote the regular function on V defined by Yl u i3ki( x Pki) w -^' l— * 
Xp i} for all 1 < i < r — 1 and 1 < j < aj — « + 1; and let Y it j := ^'"'x'+l'^^+i • ^ en ^ e r * n 5' 
of T -invariant regular functions is generated by Y^^Y~^ , where 1 < j < — i, for each i, 
and 1 < i < r — 1; Y it j are algebraically independent. 

Proof. Now, consider the homomorphism of tori, 

T — T" defined by 

= (t^), « = 1, 2 • • • r, j = 1, 2 • • • ai - i + 1. 
Proof of the proposition follows from the following claim. 

Claim : E^.^^ - £ , i+li0j _ (i _ 1 ) - + -Ej+ij; i = 1, 2 • • -r - 1 and j = 1, 2 • • -a* - i forms 
a basis for .Ker(\l/* : X(T) — >X(T')), where i?^ is the matrix with 1 in the (i, k) th place 
and elsewhere. 

Proof of the claim : Now any character of T' is of the form (tp) h- > where are 

integers. Now such a character is T-invariant iff the sum Ylp m i3fl * s zero - Plugging in 
the expression of /3's in terms of the simple roots c^'s and noting that they are linearly 
independent we get a set of linear equations over Z, by equating to zero the coefficient of 
each ctjfc. Let us denote by R(p), 1 < p < r the set of roots appearing in p-th row of the 
array described above; and let C{q), 1 < q < a r — (r — 1) denote the set of roots appearing 
in the g-th column of the array. 

Comparing the coefficient of a±, we have Ylpec(i) m i 3 = ® ■ 
Comparing the coefficient of a 2 , and using the above observation, we get YlpeC(2) m l 3 = ®- 
Proceeding this way, we get 

^2 mp = Vj, l<j< ai. 

pec(j) 

Let k be the least positive integer such that «£ + ••• + a ai is the first root in the column 
C(ai + 1). 

Comparing the coefficient of a;*,, we get J2p eC ( ai +i) m fi = ®- 
Proceeding this way, we get 

^ mp = Vj, 1 < j < a r - r + 1. 
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Now comparing the coefficient of a ar , we get X)/3e.R(r) mp = 0. 
Comparing the coefficient of {otj : j = a r _i, 2 + a r _i, • • -a r }, we get 

/3eR(r-l) /3eR(r) 

Thus we have 

PeR{r-l) 

Proceeding this way, we get 

rap = Wi, 1 < i < r. 

/3eR(i) 



□ 



3 Description of the action of the Weyl group on the 
quotient T \\G^ n (C r ) 

In this section, we describe the action of the Weyl group on the quotient T \\G^f n (C r ). 

We first write down the stabiliser of X(w) in W. Let w = (s ai ■ ■ ■ Si)(s a2 • • • s 2 ) ■ ■ ■ (s ar ■ ■ ■ s r ) G 
W Ir be such that w > r r . Then, we have 

Lemma 3.1. Description of the set {sj : Si(X(w)) C X(w),i — 1, 2, • • • n — 1}: 
1- {sj : 1 <i < ai -2}. 

2. { Sj : a p + 2 < j < a p+1 - 2,p = 1, 2, • • • r - 1}. 
3- {s ap -i :p= 1,2, •••r}. 
4. { Sap :p = 1,2,--t}. 



Proof. Proof uses braid relations of the Weyl group S n . □ 

We now explicitely describe the action of the stabilisers on 
Proposition 3.2. Description of the action: 

1. Sj interchanges and Y it j +1 for i = 1,2, ■ ■ ■ r — 1, and keeps all other Y ijk 's fixed. 

2. sj interchanges Y^_ v and Y^_ p+1 for p+l<i<r — 1, and keeps all other Y ijk 's fixed. 
3(a). If 2 < p < r , then s a \ fixes all the Y^, 1 < % < p — 1. 

(6). If p < % < r - I, a p - p = Oi - % and 1 < k < a p - p, then s ap -i(^,a p - P ) = Xi^-p, and 
(c). // p + 1 < i < r - I, a,i - i > a p - p, then s ap -i(^,a p - P ) = Y i>ap _ p+1 , and keeps all other 
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Yi,k ' s fixed- 

4(a). 2 < p < r — 1, and a p = a p _i + 1. 

(i) . If3<p<randl<k< a ap _ 2 _ p+2; toen s ap (F p _ 2 ,fc) = ^-2,fc-*W,fc- y p-i,a p - 2 -p+3- 

(ii) . Ifl<k<a p -p then s ap (Y p _^ k ) = Y~\ k and s ap (Y Pik ) = Y Pjk .Y p _ ljk . 
(Hi) . Y ijk 's are fixed for i ^ p — 2,p — l,p and 1 < k < aj — i. 

(b) (i). If 1 <i <p — 1 or a p — p + 1 < k < a r , Y i)k 's are fixed, 
(ii). Ifi = p and 1 < k < a p - p then s ap (Y p>k ) = 1 - Y Pjk . 

(Hi) Ifp+1 < i < r-1 and I < k < a p -p, then, s ap (Y i>k ) = Iz^g^^z^ x7 i|Cp _ p+1 . 

- 1 - 1 lm=pl , m,t/ 2 m,a p -p+l) 

(c) . Action of s ar : 

(i) . If a r = a r _i + 1 £/ien s ar (Y-2,fc) = Y r _^ k .Y r _ hk .Y~_} lar _ 2 _ r+ ^, for I < k < a r _ 2 - r + 2 
and s ar (Y r -i,k) = Y~\ k , for 1 < k < a r -r. 

(ii) . If a r _i + 2 < a r then Y r<k 's are fixed for 1 < k < a r — r+1. 

Proof Proof is essntially based on the following properties of groups with SiV-pair and 
commutator relations: 

o lWi i\/o i\ /i M / o i \ / i i 



1 / \ 1/110/ V 1 / V 1 / V -i ) ' and 



(ii) [u a (x a ), up(xp)\ 



u a+ p(x a .Xj3) if a = €i — €j and [3 = €j — e k ,i < j < k; 
u a+ p(—x a .xp) if a = €i — €j and f3 = e k — £i ,k < i < j. 

We first consider the action of W on the Xj ik s and then describe resulting action on the 
Yj )k s. If 1 < i < a± — 2 then Sj interchanges Xj^ and Xj t i + i for all j, 1 < j < r. Therefore, 
it follows that Sj interchanges Yjj and Y^i+i for all j, 1 < j < r — 1 and keeps all other Yj >k s 
fixed. Similarly for p > 2 and a p + 2 < a p+ i, if a p + 2 < i < a p+ \ — 2, Sj interchanges Xj^ p 
and Xj^-p+i. Thus interchanges lj,j- p and Yj 5 j_ p+ i for all j, i + 1 < j < r — 1 and keeps 
all other Y^s fixed. Now, we compute the actions of s ai _i, s ai and s ai +i- 

Action of s ai+ i for each i, 1 < i < r — 1 
Case I. ai + 2 < a i+1 In this case we have 



= Sax+l-Cv • • • Sl)-(Sa 2 • • • S 2 ) • • • (Sa r • • • S r ) 
= (,S ai . . . Si) . . . (s ai+ i.S ai . . . Si) . . . (s ar . . . S r ) 

which is a reduced expression and s ai+ \.w G W 1 by lemma 1.12. Now lemma 1.13 implies 
that s a . +1 .w > w. Hence, X(w) is not stable under the action of s a . +1 . 
Case II. ai + 1 = a i+ i In this case s ai +i = s ai+1 and the action will be described in the 
later part of this paragraph. In fact we see that in this case (s a . + iwY = w. Hence X(w) is 
stable under the action of s ttl +i- 

Action of s ai _i 

In case i — 1, we may assume that a x ^ 1, and for i > 2, a^\ ^ a* — 1. Now s ai _i 
interchanges the (c^ — i)-th and (a; L — i + l)-th columns of each of the j-th row, of the array 
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of roots _2 + (u> _1 ), for i < j < r; thus s 0i -i interchanges X^ ai _i and Xj ja ._ i+1 for each j, 
2 < j < Therefore, the action of s Qi _i is as follows: 

(1) s ai _i fixes all the Y^, for 1 < j ' < % — 1, for i > 2. 

(2) For j > i < r - 1 and a { - i = 0j - j, Y^-j ^ and for Y jtk i-> ij.fc-^-i for 
1 < /c < aj — i 

(3) For i + l<j<r — 1 if cbj— j>a,i — i, then s a ._i interchanges Y^-j and Yj >a ._ i+1 and 
keeps all other Y^'s fixed. 

Action of s ai for 1 < i < r 
Let us show that X(w) is stable under the action of each of the s ai . Let 

W = (S ai . . . Si).(s a2 . . . S 2 ) • • • (Sa r • • • S r ) 

Thus 

•5 ai W = (s ai . . . Si) . . . (s ai _ 2 . . . Sj_ 2 ).S a ..(s ai _ 1 ■ ■ ■ s i-l)-( s a; ■ ■ ■ s i) ■ ■ ■ ( s a r ■ ■ ■ s r) 

Case 1: i — 1, or aj_i + 2 < for i > 2. In this case it is clear that 

S ai W = (s ai . . . Si) . . . (s a ._ 2 . . . Sj_2)-(Sai_! • • • s i-l)-( s a z ~l ■ ■ ■ S 'i) ■ ■ ■ ( s a r ■ ■ ■ S r ) 

which, by lemma 1.12 and 1.13, is in W 1 and s ai w < w. 
Case 2: <2j_i + 1 = Oj. Note that, 

Wl = (Soi.! • • • Si-i)-(s 0i • • • Si) E W J 

where J = S \ {ai}. Now, 

=>• So-wi^i) = s ai (^) -EJti«i «j 

Now, if aj = i, then aj_i = i — 1; so s ai u>i = Sj.Sj_i.Sj = Sj_i.Sj.Sj_i = u>i._j_i. Otherwise, 
aj 7^ i. This implies that s ai {uji) = cjj. Therefore, s ai Wi(ui) = W\{uji). Hence, by lemma 
1.3, we get s a .u>i = Wi.s a for some a E J. This gives w^s^Wi = s -i ( = s a . Now 

1 \ a i ) 

it follows that 1 (_ fl J = _j_i. Hence, s ai W\ = wi.Si-i. Therefore, in both the sub-cases 
s ai .w = w.Si-i] in particular (s^.w) 1 = w. Now we shall compute the action of s fli , for 
1 < i < r. 

Case I: 2 < i < r — 1 and aj = aj_i + 1. In this case, s ai interchanges and Xi-i^ 
for 1 < k < ai — i + 1 and keeps all other Xj^s fixed. Hence, the action of s ai on the Yj^s 
is as follows: 

(1) If % > 3, Yj_ 2;jfc ^ i.-2 ) fc.l.-i,fc.y;:l )ai _ a _ i+ 3 for 1 < A; < a,_ 2 -2 + 2 

(2) F,_i )jt ^ Yr\ k for 1 < fc < a { - i. 

(3) Y, hk i-> Y i>k .Yi_ hk for 1 < k < ai - i. 

(4) Y,- )fc is fixed for 1 < /c < a^- — j for each j ^ i — 2,i — 
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Case II: di > Oj_i + 2for2<i<r — 1, or 2 = 1. In this case s ai changes only the i-th 
row and the (a* — i + l)-th column of the array of roots i? + (u> _1 ). The resulting i-th row 
turns out to be 

«i + a 2 H \-ot ai -i, 0£ 2 -\ ha ai -i, ■■■,a ai ^ ha ai _i, a ai+2 -\ ha ai -i, • • • , a ai -i, -a Qi 

and the transpose of the (a, — « + l)-th column turns out to be 

-«a, , H h «a, +1 , «ai+l H h «a 1+2 , • • • , ttoi+H 1" «a r 

Let be any root which is fixed under the action of s ai ■ and let (3 PiQ be any root of the 
i-th row or the (a* — i + l)-th column, i.e. either p — i or q — aj — i + 1. We claim that 
■u^. (Xjj) and -u Sa q (X Ptq ) commute. This follows from the fact that f3j^ — a ai ^ 
and the observation that for any root (3 G and 1 < m < r (3 — a am +i R + - Let us 

denote by M the sub-array consisting of (3k,i where k > % and l</<<2j — i + 1. Then 

s ai -(up rtl (X r:1 ) .u Pr2 (X r:2 ) . ..u Prar _ r+1 (X rtar _ r+1 )M Pr _ hl (X r _ 1:1 )Mp r _ h2 (X r _ li2 ) 

■ ■ ■ U Pr-i,a r _ 1 -r + 2{ X r^l,a r - 1 -r+2) ■ ..Up 1A (X hl ). U/3l2 (X li2 ) . ..Up lai (X liai )).W.P 

= {]\p k ^M u PuMk,i))- s aA u Pr,A x ^i)-u^ 2 {X r ^) . • .« j a ri0i _ i+1 (X r)0 ._ i+ i)).(u i a r _ lil (X r _i i i) • • • 

^-1,2(^-1,2) • • •U i 8 r _ 1 , ._ i+1 (^r-l 1 o i -i+l)) • • • «ft,i(^i,l)-«ft, 2 (-^i,2) • • • Wft.^-i+i (X i>0 ._ i+ i)) .W.P 

Thus the action of s ai , in this case is as follows: 

Xi Ai -i+i i-> ^i-i+i; >-»■ ^.k-^-i+i for fc < ai - i 

X Jife i — — ^• 7, °'~ t+1 '^' fc for i + 1 < j < r and 1 < k < a,i — i 
Xj, ai -i+i i-> -X j)a ._ i+ i/X i)a ._ i+ i for i + 1 < j < r 

From this the resulting action on the Yj >k turns out to be as follows: 

(1) s a - fixes Yj^s provided j < % — 1 or k > di — % + 1. 

We now make the convention that := 1 if > a.,- — j ; + 1 or if j > r. 

(2) j = i. Here, for k < cti — i, 

^i,a; -i+1 -^i+l,k 



Y — 



,-1 , v x i+l,aj-i+l 



^i,fc-^,a i -i+l-( _ ^<+l,ai-<+l/^.ai-<+l) 

= 1-K fc 



(3) i + 1 < j < r - 1 and 1 < k < a» - i. Define Y^ fe = (X ija ._ i+ i.X j>fc )/(X J - )a ._ i+ i.X ijfc ). 
Then, we have s ai (Y jtk ) = 1 - Y, )fe . It follows that Y,- )fe = Y- +lk .Y- k .Y j>ai - i+1 . Hence, 



s ai (n fc ) = ^±^.^ iai „ m . Now, 



Y' TT"' - ^ ^ m ' a i~ i+l~^m+l,fc 

jr',fc 1 im=i X m +i i0j _f+i.X m] fc 

1 TJ 1 f / ^m,a m -m+l-^m+l,fc \ ^ / ^m,a m -m + 1 -^m+ 1 .a^ -»+ 1 \ — 1 ~| 
1 Lm=i IV X m +i j0m _ m +i.X m] fc ' ^m+l,o m -m+l-^m,a;-i+l' 



rim=j(^ n : fc /^ Tt . a i-*+ 1 ) 
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Thus we have, 



1 — EI m = i ( ^rn , fe / , a ^ - i + 1 ) 



x y 



.j',aj-i+l 



Case Z/I: Action of s ar : (1) If a r = a r _i + 1, then s ar interchanges X r -i t k and A" r) fc, 
l</c<a r — r + 1. A straightforward checking proves as in Case I above, that in this case 
the action of s ar is as follows: 



Lemma 4.1. Let w G W 1 ' 2 . Let x G U w wP2 SS be such that x is not in the W -translate of 
X T ,r < w. If a(x) G U w wP2, then a G Stabiliser of X{w) in W . 

Proof. Let a G W be of minimal length such that ax G U w wP 2 . Then a = a±.a 2 with 
1(a) = l(ai) + l(a 2 ) and a 2 .w G W^w < a 2 w. 

Let (72 be of maximal length with this property. So a.w = s m+t+ is m+t • • • s m+ iw, t > 1, and 
w = (s m ---si)(s n _i---s 2 ). 

Now, ai(a 2 u w wP 2 ) G U w wP 2 . •••(!) 
Since <x 2 is of maximal length s m+ j ^ o"i for some j > 1. . . . (2) 

Now, o"2^ G U a2W a2wP2- Since Z(cr) = + l(a 2 ) and (T _1 (a; m+t+ i) < 0, oi is of maximal 
length, we may assume that o"i (a.,-) > 0. . . . (3) 

From (1), (2) and (3), a\ must take a reduced form as 




^r,a r -r+l <—> ^r,a r -r+l 

It can be easily checked from here that the y,/s are all fixed by s, 



□ 



4 A stratification of ^wC^nO^)- 



In this section, we give a stratification of JV \\G|* n (£2)- 




□ 



The longest element of W 1 ' 2 is 

u>o = (s. 



n— 



2-S n -3 . . . Si).(s. 



n- 



1-S n _2 • • • S2) 
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and the unique minimal element r 2 of W 1 such that r 2 (nu 2 ) < is 

r 2 = (s^ys^^ . . . si).(s n _i.s n _ 2 ...s 2 ) 
Therefore any element w G W 1 such that X(w)^(C 2 ) 7^ is of the form 

W = (s m .S m _i . . . S^yS^^ . . . Si).(s n _i.S n _ 2 • • • S 2 ) 

with m > [2fi]. 

Proposition 4.2. Let r = 2,u> = (s m ...si)(s n _i...s 2 ), f 2 ^] < m < n — 2. PFe can arrange 
the Yij 's as Y±,Y 2 , • • ■ Y m ~\ with 

Si(Yi) = Yi + i, 
Si(Yj) =Yj if j — k, i + 1 and i — 1, 2 • • -m — 2, 
Sm „ 1 (F i ) = F l .F m i 1 , i/ *<m-2, 

Sm— l(^m— l) = ^m-l) 

s m (yi) = 1 - /or i = 1,2, • • -m - 1. 

Further, we have 

Si(Yj) — Yj V i — m + 2, • • • n — 1, iw/ien m < n — 3 

and 

s n _i(Yj) = Y^ 1 V j when m = n — 2. 

Proof. Proof follows from the proposition 3.2. □ 

Let w be as in the proposition 4.2. Now, let T m _i be a maximal torus of FGL m , R m is 
the root system of FGL m . Here, the Weyl group is S m , the symmetric group on m symbols. 
Let U = {t G T : e Q (t) ^ 1, a G -R m }. Clearly, [/ is S^-stable. On the other hand, 
stabilises {U w wP 2 / P 2 ) S T S {C 2 ). Let = T \\(C/ ro wP 2 )§?(£ 2 ). Then, we have 

Corollary 4.3. There is a S m -equivariant isomorphism ^ : Y{w) U such that 
^rj( e «i+-+«m-i) = y i; l<i< m -l. 

Proof Proof follows from proposition 4.2. □ 

Let \) m be a Cartan subalgebra of sl m+ i, P(f) m ) be the projective space and R m C fj^ be 
the root system. Let V m be the open subset of P(f) m ) defined by 

V m := G P(f) m ) : a(x) ^ 0,Va G R rn }. 

Clearly V m is SVn+i-stable. 
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Corollary 4.4. Let w = (s m ...Si)(s n _i...s 2 ), T 1 ^! — m — n ~ ^-Then, there is a S m+1 - 
equivariant isomorphism \l/ 2 : Y(w) — > V of affine varieties. 

Proof. For % = 1, 2 • • -m - 1, take Z< = and define ^ 2 such that #5(2*) = Y { . □ 

With notations as above and taking t = l 1 ^] and m = we have 

Theorem: N \\G s 2 * n {C>2) has a stratification (J* =0 C, where C = s m+1 \P(f) m ), and Cj = 

Proof. Proof follows from lemma 4.1, proposition 4.2 and corollary 4.4. □ 



5 Flag variety as a GIT quotient of flag variety of 
higher dimension 

Let G = GL n+ i(k). Let T be a maximal torus of SL n+ i(k). Let B n+1 be a Borel subgroup 
of G containing T. Let S = {oti : i — 1, 2, • • -n} denote the set of simple roots with respect 
to B n+ i, let W = S n+ i be the Weyl group. Let be the simple reflection corresponding to 
the simple root ctj. Let I := S \ {a n } , let Wj be subgroup of W generated by {sj : i G /} 
and u>o,j denote the longest element of Wj. 

Lemma 5.1. Let \ = XX 

TTijftj &e a regular dominant character , where vt\, L G N ; rn^i > 
for 1 < i < n — 1. Le£ u> G IT. T/ien w(x) < <^ to = Si.s 2 . . . s n .r for some r G Wj. 

Proof. =^>: Since x is dominant and r < w j, for all r G Wj, we have r(x) > w j(x)] using 
the fact that w j(ai) = —a n -i for 2 = 1, • • -n — 1 and w j(a n ) = cci + a 2 + • • • + a n we 
have u> ,/(x) = Er^" 2 ™ ~ m n _^)ai + m n .a n . Therefore, r(x) = YTi=\ a i a * + m n®n, &i > 0. 
Now, let w = <pT with <p G W 1 , r G IT/. Therefore, u>(x) = 0(t(x)) = ^(X^i 1 a » a » + m n«n)- 
Thus u>(x) < implies that = Si.s 2 . . . s n . 
<=: Let w = Si.s 2 . . . s n .r, r G W 7 /. Now, 

w(x) = si.s 2 . . .s n r(x) 

= -m n Q!i + XT=2( a «-l ~ 

Since x is a dominant weight we have x ~~ r (x) > 0- Hence we have ai < mj < m n . Thus 
w(x) < 0. This completes the proof. □ 



Consider GL n (k) as a subgroup of GL n+ i(k) given by the inclusion g 




B n = B n+ i f]GL n (k) as a Borel subgroup with J as the simple roots. 
Let x be a regular dominant character as in Lemma (5.1). 
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Theorem 5.2. We have an isomorphism 

* : T \\(GL n+1 (k)/B n+1 )) ss (L x ) GL n (k)/B n . 

Proof. Proof uses cellular decomposition of both homogeneous spaces G L n+1 (k) / B n+1 and 
GL n (k)/B n . First, we fix a total order on the set of positive roots of B n+1 such that XT=i a « > 

J27=l Oli >•••> ai > Y!i=2 a i > ' ' ' > "2 > XT=3 «i > • • • > «3 > • • • > CKn-l + «n > "n- 

Now any GL n+1 / B n+1 (resp. GL n /B n ) is the union of cells U w wB n+1 (resp. U T rB n ) with 
w eW (resp. r G Wj). Using the total order above we can write each element x G U w as a 
product of -Uq, in the decreasing order from the left to the right. Let X a (resp. Yp) be the 
co-ordinate function on U w wB n+1 (resp. U T rB n ) corresponding to the root a (resp. (3). 

With these notations we proceed the proof: 

Let r G Wj. Let w := SiS 2 ■ • • s n r. V® : {x = U w wB n+1 : X Q (x) ^0Va>«i}. 
Set K° := U T€Wj V?. 

Stepl: We prove that (GL n+1 (k)/B n+1 ) ss (L x ) C 
This can be seen as follows. 

By Hilbert-Mumford criterion [see theorem 2.1 of [3]], a point re G GL n+ \/ B n+ \ is semi- 
stable fi L (x,\) > for all 1- parameter subgroup A of T fj, L (ax,X) > for all one 
parameter subgroups A G C(B) and for all a E W. By the lemma 2.1 of [6], this statement 
is equivalent to (— w a x, A) > for all A G C(B) where ax G U Wa w a B. But this is equivalent 
to w a (x) < 0. And this is equivalent to w a is of the form (si . . . s n ).r 1 for some T\ G Wj. 
Now let £ G U w wB n+1 with w = (si . . . s n )r, r G Wj. 

Now, let X a (x) = for some a > a\. Let ct = J2j=i a j- Then, we have si«2 • • • Six = 
u'(ftB n+ i with 7^ si • • • s n r for any r G W 7 /. Hence, by the above discussion, x is not 
semi-stable. 

Step 2: (GL n+1 (/c)/_B n+ i) ss (L x ) = V°. This can be seen by the above discussion and 
from the following claim. 

claim: V is IT-stable. 

Proof of claim : Let r G Wj. Let x G t/s lS2 -snT s i s 2 • • • s n rB n+ i, with X a (x) ^ for all 
a > ol\. Then, we have s±x G U slS2 ... SnT B n+1 with X a (s±x) = — x"^) ^ or a > ai > an< ^ 
X ai (six) = ^(s) - Hence, six G 

Now, let % ^ 1. If X ai (w) = 0, then, s^a; = w'siS2 • • • s n Si-\rB n+ i with X a (six) = 
X s .( a )(x). Hence, Si(x) G V°. Otherwise, we must have Six G U SlS2 ... SnT B n+ i with X a (sjx) = 
X a (x) for all such that Si(a) = a, X a (six) = y a ^l for all a of the form a = Y^j=k a 3 suc ^ 

that k < i, X ai (six) = x ^y , and X Q (sjx) = ~ x Xa ^ for all a of the form a = Y^j=i a j suc ^ 
that k > i. 

Hence SiV° C V for alH = 1, • • -n. Thus, the claim follows from the fact that W is 
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generated by s^'s. 

Step 3: Now, for each r G Wi, we exhibit an isomorphism 

*r : nx V T ° U T rB n /B n . 

Let r G W 7 /, consider the map 7r T : I 7 , — > (U T TB n )/B n defined by 4> T (x) = y with for 
each (3 ai Y Sn _ Sl ^(y) = ( — ^ \^ - ) where for each /3 G with /3 ^ cci, is the 

unique element of R + with > a\ such that f3 + G Clearly this map is T-invariant. 
Thus the morphism 7r r give rise to a morphism 

*r : nx K° — U T rB n /B n . 
Clearly \I/ r is surjective. We now prove that \l/ r is injective: 

ir w is injective for each w G W of the form w = si.s 2 • • • SnT, for some r G W 7 /. Let X\ 
and x 2 be two points of V® such that 

/ \ / n tt X,3(xi)X ,(xi) Xp(xa)X ,(x a ) y „, . J _, w 

TTr t^i) = 7Tt(^2)- Hence, — ^ t — = — ^ 7—, — . Let t G 1 be such that (a, + • • • + 

v 7 v ' x f3+ii ,( - xx) X fi+ r A X2 > v 

ai)(i) = x ai + "+ ai (a:i) ^ or a ^ ^ — * — n ' Then, it is easy to check that t ■ x = y. 
Thus \I/ T is bijective for each r G Wj. 

Step 4: \1/ T puts together to give an isomorphism 

* : TU V° GL n (k)/B n . 

Since the W 7 - translates of V^ o/ is the whole of V°, and W 7 /- translates of U Wo r w ,/-Bn is 
the whole of GL n /B n , and there is an isomorphism from Ws\{ ai } to W 7 / taking Sj to Sj_i 
for each % = 2, • • • n, to prove the Theorem, it is sufficient to prove that the T - invariant 
morphisms tt t : V® — ► U T rB n , and 7r Si ~ lT U St ~ lT — > U Si z lT satisfy the following: 

Y a {ji T {x)) = Y a (si-i(ir Si z lT (six))) for each a G i? + (r _1 ). (Here, the notation s^iT = r if 
Sj_iT < r, and s^r = Sj_iT otherwise.) 

We make use of the following observations using commutator relations: 

if a — aii + ■ • • ak, i < k and w~ 1 {ai + \ + • • • > 0, 
if a — ai, 
otherwise 

Let a G #+(0 

Case 1: a — ctk-i + ■ ■ ■ k < i, w~ l (ctk + • • • eti) = T~ 1 (ak-i + ■ • • cti-i) > and 

Si-\f = T. 



X a (si, x) 



-X a (x) 
X ai (x) 
1 

X ai (x) 
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In this case, y a (si_i(7r T (a;))) = Xa 1 + " '^^~$r^ ^ = Y a (ir T {six)) . 

Case 2: a = on-i + • • • aik-i, i < k and w~ x {ai + • • • a^) = r _1 («j_i + • • • ak-i) > and 

Si-lf = T. 

In this case, Y a ( Si ^(7T T (x))) = - ^TZ^T'Tx^ = Y a (n T ( Si x)). 



X a .(x)X ai+ ... olk (x) 

XcK]_-\ (#) 

x ai+ ... a ._ 1 {x)x a .(x) 



Case 3: a = a^. F a (si_i(7r r (x))) = x ^° 1+ "TgS Ax) = Y a (n T (si-i(x))) . 



In all other cases, we have: Y a (si-i(7r Si z lT (six))) = fifj^fn^ ^ ) _ ^(-^(a;)), 

where is the unique root such that f3' > a\ and s\ • • • s n (a) + j3' is a root. 

This completes the proof. □ 

With Yq's as in the proof of theorem 5.2, we have 
Corollary 5.3. 



si(Y a ) 



-(1+Y a ) if a > ai. 
Y a otherwise 



Proof. Proof follows from the fact that 

X ai X a (x) + X ai+a (x) if a = a 2 H a h 2<i, 

X a (six) = { x^°(x) if a = ai H a*, i > 2, 

if o; = a 3 + • • • ttj, i > 3 



□ 



Corollary 5.4. Let f) n fre a Cartan subalgebra of sl n+ i(k). Let x be a regular dominant 
character as in Theorem 5.2. Then, the action ofW on the GIT quotient 

T \\(GL n+1 (k)/B n+1 )) ss (L x ) ~ GL n {k)/B n 

is given by the n- dimensional representation f) n of W . 

Proof. Proof follows from theorem 5.2 and corollary 5.3. □ 
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